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Abstract
The derivative of the log-likelihood function, known as score function, plays a central role in parametric
statistical inference. It can be used to study the asymptotic behavior of likelihood and pseudo-likelihood
estimators. For instance, one can deduce the local asymptotic normality property which leads to various
asymptotic properties of these estimators. In this article we apply Malliavin Calculus to obtain the score
function as a conditional expectation. We then show, through different examples, how this idea can be
useful for asymptotic inference of stochastic processes. In particular, we consider situations where there
are jumps driving the data process.
This is an abridged version of the article: Statistical Inference and Malliavin Calculus . Seminar on
Stochastic Analysis, Random Fields and Applications VI, 2011

1

Introduction

In classical statistical theory, the Cramer-Rao lower bound is obtained by using two steps: an integration by
parts and the Cauchy-Schwarz inequality. Therefore it seems natural that the integration by parts formulas
of Malliavin calculus will play a role in this context. In recent times, the theory of Malliavin Calculus
has attracted attention from Computational Finance to derive expressions for the calculation of the greeks
which measure the sensitivity of option prices (conditional expectations) with respect to certain parameters,
see e.g. [?],[?]. We show in this article, that similar techniques can be used to derive expressions for the
score function in a parametric statistical model and consequently we obtain the Fisher information and the
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Cramer-Rao’s bounds. The advantage of these expressions is that they do not require the explicit expression
of the likelihood function directly and that its form is appropriate to study asymptotic properties of the
model and some estimators. Gobet [?] was the first contribution in this direction. He uses the duality
property in a Gaussian space to study the local asymptotic mixed normality of parametric diffusion models
when the observations are discretely observed. Recently, duality properties have been used to obtain a
Stein’s type estimator in the context of a Gaussian space (see [?] and [?]), and in the context of a Poisson
process (see [?]). An interesting discussion of different Cramer-Rao’s bounds is given in [?].
In this paper we use Malliavin calculus with the aim of giving alternative expressions for the score
function as conditional expectations of certain expressions involving Skorohod’s integrals and we show how
to use them to study the asymptotic properties of the statistical model, to derive Cramer-Rao lower bounds
and expressions for the maximum likelihood estimator.

2

Background

A parametric statistical model is defined as the triplet (X , F, {Pθ , θ ∈ Θ}) where X is the sample space that
corresponds to the possible values of certain n-dimensional random vector X = (X1 , X2 , ..., Xn ), F is the
σ-field of observable events and {Pθ , θ ∈ Θ} is the family of possible probability laws of X. However, when
the vector X corresponds to observations of a random process where certain parameter θ is involved, it is
better to assume that X itself depends explicitly θ.
Then we define a parametric statistical model as a triplet consisting of a probability space (Ω, F, P ), a
parameter space Θ, an open set in Rd , and a measurable map
X : Ω × Θ → X ⊆Rn
(ω, θ) 7→ X(ω, θ),
where in Θ we consider its Borelian σ-field.
As usual, a statistic is a measurable map
T

: X → Rm
x 7→ T (x) = y.

For simplicity, take m = d = 1 and Θ an open interval in R. Let us denote
g(θ) := Eθ (T ) = E (T (X)) ,
then, under smoothness conditions on g(θ), we can evaluate
∂θ E(T (X)),
where we write ∂θ =

∂
∂θ .

Hypothesis 2.1. A square integrable statistic T ∈ C 1 is said to be regular if
∂θ E(T (X)) = E (∂θ T (X))
and V ar(T (X)) < ∞.
Suppose that the family of random variables {X(·, θ), θ ∈ Θ} is also regular in the following sense:
2
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i) X has a density p(·; θ) ∈ C 1 for all θ ∈ Θ with support, supp(X), independent of θ.
ii) X(ω, ·) ∈ C 1 as a function of θ, ∀ω ∈ Ω. Furthermore, ∂θ Xj ∈ L2 (Ω) and E(∂θ Xj |X = x) ∈ C 1 as a
function of x, ∀θ ∈ Θ and j = 1, ..., n.
iii)

∂xj (E(∂θ Xj |X)p(X;θ))
p(X;θ)

∈ L2 (Ω), j = 1, . . . , n; where, for any smooth function h, we denote ∂xj h(X) :=

∂xj h(x)|x=X
iv) Any statistic T ∈ C 1 with compact support in the interior of supp(X) is regular.
Remark 2.2. Note that if T ∈ C 1 has compact support in the interior of supp(X) and the family {X(·, θ), θ ∈
Θ} is regular then

∂θ E(T (X)) = E(∂θ T (X)) = E(

n
X

∂xj T (X)∂θ Xj )

j=1
n
X

Z
=

Rn j=1

∂xj T (x)E(∂θ Xj |X = x)p(x; θ)dx

Z
= −

T (x)
Rn

n
X

∂xj (E(∂θ Xj |X = x)p(x; θ)) dx,

j=1

since
lim E(∂θ Xj |X = x)p(x; θ)T (x) = 0, j = 1, ..., n,

x→x0

∀θ ∈ Θ and ∀x0 ∈ ∂supp(X), where ∂supp(X) is the boundary of the support of X. So,


n
X
∂xj (E(∂θ Xj |X)p(X; θ))
.
(2.1)
∂θ E(T (X)) = −E T (X)
p(X; θ)
j=1

Here the quotient is defined as 0 if p(X; θ) = 0.
The following result is a statement of Cramer-Rao’s inequality.
Proposition 2.3. Let T be a regular statistic satisfying i)-iii) and
(2.2)

lim E(∂θ Xj |X = x)p(x; θ) = 0, j = 1, ..., n,

x→x0

∀θ ∈ Θ and ∀x0 ∈ ∂supp(X), including x0 = ∞ in ∂supp(X) if the supp(X) is not compact, then
(2.3)

(∂θ E(T (X)))2

Var(T (X)) ≥
E

 ,
∂xj (E(∂θ Xj |X)p(X;θ)) 2
n
j=1
p(X;θ)

P

provided that the denominator is not zero.
In most classical models, the above calculation can be straightforward, as the explicit form of the density
function p is available. This is carried out in the following examples. Our goal later is to show that in some
cases where the explicit density is not known, the above bound can also be written without using directly
the form of p. This will be the case of elliptic diffusions.
If we also assume that
3
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v) p(x; θ) is smooth as function of θ, for every fixed x.
vi) For
R any smooth statistic T with compact support in the interior of supp(X), ∂θ
Rn T (x)∂θ p(x; θ)dx, ∀θ ∈ Θ,

R

Rn

T (x)p(x; θ)dx =

we have the following proposition that shows that (??) is just the usual Cramer-Rao inequality.
Proposition 2.4. Assume conditions i)-vi). Then, a.e.
n
X
∂xj (E(∂θ Xj |X = x)p(x; θ))
−
= ∂θ log p(x; θ), ∀θ ∈ Θ.
p(x; θ)
j=1

We have assumed in the above proof that the support of X does not depend on θ. In the following
example we suggest a localization method to treat the case where the support depends on θ.

3

Main results and conclusions

In this section, we give an alternative derivation of the Cramer-Rao bound using the integration by parts
formula of Malliavin Calculus. We start explaining some of the basic concepts of Malliavin Calculus. Consider a probability space (Ω, F, P ) and a Gaussian subspace H of L2 (Ω, F, P ) whose elements are zero-mean
Gaussian random variables. Let H be a separable Hilbert space with scalar product denoted by h·, ·iH and
norm || · ||H , we will assume that there exists an isometry
W :H → H
h 7→ W (h)
in the sense that
E(W (h1 )W (h2 )) = hh1 , h2 iH .
Let S be the class of smooth random variables T (W (h1 ), W (h2 ), ..., W (hn )) such that T and all its derivatives
have polynomial growth. Given T ∈ S we can define its differential as
DT =

n
X

∂i T (W (h1 ), W (h2 ), ..., W (hn ))hi .

i=1

DT can be seen as a random variable with values in H. Then we can define the stochastic derivative operator
as
D : D1,2 ⊆ L2 (Ω, R)
T

−→ L2 (Ω, H)
7→

DT.

where D1,2 is the closure of the class of smooth random variables with respect to the norm
1/2
||T ||1,2 = E(|T |2 ) + E(||DT ||2H )
Let u be an element of L2 (Ω, H) and assume there is an element δ(u) belonging to L2 (Ω) and such that
E(hDT, uiH ) = E(T δ(u))
for any T ∈ D1,2 , then we say that u belongs to the domain of δ (denoted by dom(δ)) and that δ is the
adjoint operator of D.
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Proposition 3.1. Let h be an element of H, then
δ(h) = W (h).
Proposition 3.2. If
u=

n
X

Fj hj

i=1

where Fj ∈ S and hj are elements of H then
δ(u) =

n
X

Fj W (hj ) −

j=1

n
X
hDFj , hj iH .
j=1

In the following results we assume that our observations are expressed as the measurable map
X : Ω × Θ → Rn
(ω, θ) 7→ x = X(ω, θ),
Θ an open subset of R with the Borelian σ-field and the σ-field in Ω is the σ-field generated by H.
theorem 3.3. Let Xj ∈ D1,2 , j = 1, ..., n and Z be a random variable with values in H, in the domain of δ,
such that
hZ, DXj iH = ∂θ Xj .

(3.1)

If T is a regular unbiased estimator of g(θ) then
V ar(T (X))V ar(E(δ(Z)|X)) ≥ g 0 (θ)2 .

(3.2)
Furthermore, assume that

i) X has density p(x; θ) ∈ C 1 as function of θ with support, supp(X), independent of θ,
R
ii) RAny smooth statistic with compact support in the interior of supp(X) is regular and ∂θ Rn T (x)p(x; θ)dx =
Rn T (x)∂θ p(x; θ)dx, for all θ ∈ Θ,
then
E(δ(Z)|X) = ∂θ log p(X; θ), a.s. and for all θ ∈ Θ.
Remark 3.4. The next goal is to provide a somewhat standard way of finding Z. For example, if there
exists U, an n-dimensional random vector with values on H such that
hUk , DXj iH = δkj
where δkj is Kronecker’s delta then
Z=

n
X

Uk ∂θ Xk

k=1

verifies condition (??) if Z ∈ dom(δ). In particular, if
(Akj ) = (hDXk , DXj iH )−1
is well defined then we can take
Uk =

n
X

Akj DXj .

j=1

The matrix A is called the Malliavin covariance matrix and the property that its inverse is well defined
implies (see Theorem 2.1.2 in [?]) that the random vector X has a density function p(x; θ).
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