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Abstract

We consider long-range self-avoiding walk, percolation and the Ising model on Z¢
that are defined by power-law decaying pair potentials of the form D(z) < |z|~4~¢
with o > 0. The upper-critical dimension d. is 2(aA2) for self-avoiding walk and the
Ising model, and 3(a A 2) for percolation. Let a # 2 and assume certain heat-kernel
bounds on the n-step distribution of the underlying random walk. We prove that,
for d > d. (and the spread-out parameter sufficiently large), the critical two-point
function Gy, (z) for each model is asymptotically C|z|*"274, where the constant
C € (0,00) is expressed in terms of the model-dependent lace-expansion coefficients
and exhibits crossover between o« < 2 and o > 2. We also provide a class of random
walks that satisfy those heat-kernel bounds.

1 Introduction

Self-avoiding walk is a model for linear polymers. We define the two-point function for
SAW on Z¢ as

||

W)= ‘W‘HD 5= wie) [T = 0u), (1.1)

w:0—T s<t

where p > 0 is the fugacity, |w]| is the length of a path w = (wo,ws,...,wy) and D :
74 — [0,1] is the Z-symmetric non-degenerate (i.e., D(0) # 1) 1-step distribution for the
underlying random walk; the contribution from the O-step walk is considered to be d,,
by convention. If the indicator function J],_,(1 — du,w,) is replaced by 1, then G3*(x)
turns into the RW Green’s function G} (z), whose radius of convergence pi™ is 1, as
XpV = Y ez GV (x) = (1 —p)~! for p < 1 and x;V = oo for p > 1. Therefore, the
radius of convergence p*" for G3™(x) is not less than 1. It is known that x;*V =
> weze GV () < oo if and only if p < pi*™ and diverges as p T pi*".
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We are interested in asymptotic behavior of G, (z) as |x| — oo. For the “uniformly
spread-out” finite-range models, e.g., D(z) = Lyz=13/(2d) or D(z) = L{ju..<r}/(2L+1)*
for some L € [1,00), it has been proved [3, 4, 6] that, if d > 4 and L is sufficiently large,
then there is a model-dependent constant A (= 1 for random walk) such that

ad/02
pCCx>|mﬁ:oo /4’$‘d727

(1.2)

where “~” means that the asymptotic ratio of the left-hand side to the right-hand side is
1, and
dr(“3%)

G0 =~ 3 o’ =" |z’ D(z) = O(L?). (1.3)

x€Z4

In this paper, we investigate long-range self-avoiding walk on Z¢ defined by power-law
decaying pair potentials of the form D(z) =< |z|~¢~® with a > 0. For example, we can
consider the following uniformly spread-out long-range D with parameter L € [1,00):

D(xz) = NIl 17 (1 + O(I£17). (1.4)

for some € > 0, where N, = O(L~¢) is the normalization constant and ||z]|, = |z| V . As
a result,

D(x) = O(LY) [l 7", (1.5)

which we require throughout the paper (cf., Assumption 1.1 below). The goal is to see
how the asymptotic expression (1.2) of G, (x) changes depending on the value of .

It has been proved [5] that, for d > d. := 2(a A 2) and L > 1, the Fourier transform
G,(k) = > veza €7 Gp(z) for the long-range models is bounded above and below by a
multiple of @;‘W(k) =(1- ﬁﬁ(k))_l with p = p/pe, uniformly in p < p.. Although this
gives an impression of the similarity between G, (z) and G (x), it is still too weak to
identify the asymptotic expression of G, (x). The proof of the above Fourier-space result
makes use of the following properties of D that we make use of here as well: there are
Ve = O(L*?) and € > 0 such that

(1.6)

_ ik-x _ an2 1+O(<L|k|>5) [047&2];
D(k):me%ie D(x) =1 — v,]k] X{logﬁ—l—O(l) oz

If @ > 2, then v, = 0?/(2d). Moreover, if L > 1, there is a constant A € (0, 1) such that

<2-A [ke€[-mn]Y,

SN (T

1Dl <O n"a [n=1],  1—D(k) {

1.1 Main result

In addition to the above properties, the n-step transition probability obeys the following
bound:

O(L?)

wn 1 o # 2],
D (x) S;HEEMEIEKE.n X {
L

loglely o =2 (18)
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To overcome this difficulty, we assume the following bound on the discrete derivative
of the n-step transition probability:

DMty + D@ —y)| _ OWL)lE

D™ (z) < - [yl < 3lz].
2 [ ’

(1.9)

Here is the summary of the required properties of D.

Assumption 1.1. The Z-symmetric 1-step distribution D satisfies the properties (1.5),
(1.6), (1.7), (1.8) and (1.9).

Under the above assumption on D, we can prove the following theorem:
Theorem 1.2. Let a > 0, a # 2 and

r(tg2)

— 2
706 - 2a/\27Td/2F(aT/\2)’ (110)

and assume all properties of D in Assumption 1.1. Then, for random walk with d > o N\ 2
and any L > 1, and for self-aboiding walk with d > d. and L > 1, there are pn € (0, A\ 2)
and A = A(a,d, L) € (0,00) (A= 1 for random walk) such that, as |x| — oo,
o o O L—oz/\2+u
Gpu(2) = - fra | O ) (1.11)

- A’x‘dfa/\Z ’x‘dfa/\2+,u

Moreover, p. and A can be expressed in term of I, as

0 [a < 2],

Y el (@) a>2)

T

De = Hpc(o)_17 A=p.+ (1'12>

1.2 Conclusion

(a) The goal of this paper is to overcome those difficulties and derive an asymptotic
expression of the critical two-point function for the power-law decaying long-range
models above the critical dimension, using the lace expansion.

(b) The finite-range models are formally considered as the a@ = co model. Indeed, the
leading term in (1.11) for o > 2 is identical to (1.2).

(c) As described in (1.12), the constant A exhibits crossover between o < 2 and a > 2;
in particular, A = p. for a < 2. According to some rough computation, it seems that
the asymptotic expression of G, (z) for @ = 2 is a mixture of those for a < 2 and
a > 2, with a logarithmic correction:

Yo/ V2
Gy () ~ ——F—— 1.13

pel )|z|%oo pe|r]?2log || (1.13)
One of the obstacles to prove this conjecture is a lack of good control on convolutions
of the random walk Green’s function and the lace-expansion coefficients for a = 2.
As hinted in the above expression, we may have to deal with logarithmic factors more
actively than ever.



Proceedings 59th 1S World Statistics Congress, 25-30 August 2013, Hong Kong (Session STS011)

References

1]

2]

L.-C. Chen and A. Sakai. Critical behavior and the limit distribution for long-range
oriented percolation. I. Probab. Theory Relat. Fields 142 (2008): 151-188.

L.-C. Chen and A. Sakai. Asymptotic behavior of the gyration radius for long-range
self-avoiding walk and long-range oriented percolation. Ann. Probab. 39 (2011): 507—
548.

T. Hara. Decay of correlations in nearest-neighbour self-avoiding walk, percolation,
lattice trees and animals. Ann. Probab. 36 (2008): 530-593.

T. Hara, R. van der Hofstad and G. Slade. Critical two-point functions and the
lace expansion for spread-out high-dimensional percolation and related models. Ann.
Probab. 31 (2003): 349-408.

M. Heydenreich, R. van der Hofstad and A. Sakai. Mean-field behavior for long-
and finite-range Ising model, percolation and self-avoiding walk. J. Stat. Phys. 132
(2008): 1001-1049.

A. Sakai. Lace expansion for the Ising model. Commun. Math. Phys. 272 (2007):
283-344.

p.1296



