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Abstract We consider the statistical inference for right-censored data when censoring indicators are missing
but nonignorable, and propose an adjusted imputation product-limit estimator. The proposed estimator is shown
to be consistent and converges to a Gaussian process. Furthermore, we develop an empirical process-based
testing method to check the MAR (missing at random) mechanism, and establish asymptotic properties for the
proposed test statistic. To determine the critical value of the test, a consistent model-based bootstrap method is
suggested. We conduct simulation studies to evaluate the numerical performance of the proposed method and
compare it with existing methods. We also analyze a real data set from a breast cancer study for an illustration.

Keywords: MAR mechanism testing Nonignorable missing censoring indicators Survival function Quasi-
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1 Introduction

For right-censored data, the censoring indicator may be missing. In this paper, we study the estima-

tion of the survival function for right-censored data with nonignorable missing censoring indicators. The

nonignorable missing mechanism means that the missing process of the censoring indicators depends

on the underlying values of the censoring indicators.

Let T and C be the survival time and the censoring time variables with the distribution functions

F and G, respectively. Assume that T and C are independent. One observes (X, δ, ξ) with X =

min(T,C) and δ = I(T6C), where IA is the indicator function of the set A, and ξ denotes the missing

indicator with ξ = 1 when δ is observed and 0 otherwise. We assume that P (ξ = 1|X, δ) follows

a parametric model, denoted by π(X, δ, α) with π(·, ·, α) being a known function and α an unknown

parameter. The probability models such as the logistic model, can be applied. Like [2], [3]and [4] , we

assume a parametric model m(x, θ) for E(δ|X = x). The logistic model and the model, m(x, θ) =

xθ2/(θ1 + xθ2) with θ1 and θ2 being unknown parameters, are frequently used.

2 Estimation

2.1 Estimation of the unknown parameters
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Let (Xi, δi, ξi)
n
i=1 be a sample from (X, δ, ξ). We first estimate the unknown parameters θ and α

in m(X, θ) and π(X, δ, α). Note that E(ξδ|X) = m(X, θ)π(X, 1, α) and V ar(ξδ|X) = E(ξδ|X){1−
E(ξδ|X)}. Then the quasi-likelihood estimating equation method can be used to estimate the unknown

parameters θ and α. We construct a quasi-likelihood estimating equation as follows:

n∑
i=1


ṁ(Xi,θ)
m(Xi,θ)

π̇(Xi,1,α)
π(Xi,1,α)


ξiδi −m(Xi, θ)π(Xi, 1, α)

1−m(Xi, θ)π(Xi, 1, α)
= 0, (2.1)

where ṁ(x, θ) and π̇(x, 1, α) respectively denote the derivatives of m(x, θ) and π(x, 1, α) with respect

to θ and α. We denote the solution of (2.1) by θ̂n and α̂n. Let H(·) be the distribution of X , H1(x) =∫ x

0
m(u, θ)H(du), and τ be a constant satisfying H(τ) < 1.

Theorem 1 Under Conditions (C1)-(C3) in the Appendix, we have

√
n

(
θ̂n − θ

α̂n − α

)
L−→ N(0, V −1).

The details of V −1 ca be referred to the full paper.

2.2 Estimation of the survival function

The imputation method is inappropriate in the presence of nonignorable missingness.We consider

the imputation estimator suggested by [6, 7] :

Sn(t) =
∏

i:Xi6t

(
n−Ri

n−Ri + 1

)ξiδi+(1−ξi)m̂n(Xi)

, (2.2)

where m̂n(X) is a nonparametric estimator of m(X) = E(δ|X) or other appropriate value, and Ri is

the rank of Xi for i = 1, 2, · · · , n. It can be verified that the estimator (2.2) is inconsistent under the

nonignorable missing mechanism. Note that 0 < m(x, θ) < 1. By E(ξ|X) = E(ξ|X, δ = 1)E(δ|X)+

E(ξ|X, δ = 0){1− E(δ|X)}, we have

E{ξδ + (1− ξ)m(X)|X} = E[m(X){1−m(X)}{E(ξ|X, δ = 1)− E(ξ|X, δ = 0)}] +m(X)

̸= m(X) (2.3)

under the nonignorable mechanism. The last equation holds if and only if E(ξ|X, δ = 1) = E(ξ|X, δ =

0), which is just the MAR assumption. This fact can be considered as a hint of the inconsistency of

Sn(t).

However, we can observe from (2.3) that

E [ξδ + (1− ξ)m(X)−m(X){E(ξ|X, δ = 1)− E(ξ|X)}|X] = m(X). (2.4)

This equality inspires us to propose an adjusted imputation estimator:

Ŝn(t) =
∏

i:Xi6t

(
n−Ri

n−Ri + 1

)[ξiδi+(1−ξi)m(Xi,θ̂n)−m(Xi,θ̂n){π(Xi,1,α̂n)−Ûn(Xi)}]

(2.5)

where Ûn(x) is a local kernel estimator of E(ξ|X = x); that is, Ûn(x) =
∑n

i=1 ξiKb(x−Xi)∑n
i=1 Kb(x−Xi)

with K(·)
being a kernel function and b being a bandwidth sequence. Then it is easy to show that under the mild

conditions, Ûn(x) is a consistent estimator of E(ξ|X = x), which is denoted by U(x).
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Remark 1 By E(ξδ|X) = m(X, θ)π(X, 1, α) 6 m(X, θ), it is easy to see that the complete-case

estimator ŜC(t) =
∏

i:Xi6t

(
n−Ri

n−Ri+1

)δiξi
overestimates the true survival function.

Theorem 2 Under Conditions (C1)-(C5), we have

(A) Strong consistence: sup06t6τ |Ŝn(t)− S(t)| a.s.−→ 0; and

(B) Asymptotic normality:
√
n{Ŝn(t)− S(t)} D−→ S(t)w(t), where S(t) is the true survival function

and w(t) denotes a centered Gaussian process with the covariance function given by

cov{w(s), w(t)} = E

[{
m(X, θ) + π(X, 1, α)−m(X, θ)π2(X, 1, α)

}
m(X, θ)

{1−H(X)}2
I(X6t)

]
+Γ2(s)V

[−1]
11 Γ1(t)

⊤ − Γ2(s)V
[−1]
11 Γ2(t)

⊤ + Γ2(t)V
[−1]
12 Γ3(s)

⊤

+Γ2(t)V
[−1]
21 Γ3(s)

⊤ + Γ2(t)V
[−1]
11 Γ1(s)

⊤ − Γ3(s)V
[−1]
21 Γ1(t)

⊤

−Γ3(s)V
[−1]
22 Γ3(t)

⊤ − Γ3(t)V
[−1]
21 Γ1(s)

⊤ (2.6)

for 0 6 t 6 s < τ where the notations can be referred to the original paper.

3 Testing MAR assumption

The simulation results in Section 4 show that the proposed estimator Ŝn(t) is in the shade of

the estimators of [6 , 8] under the MAR mechanism. Therefore, it is expected to test whether MAR

condition holds. Since MAR condition is equal to E(ξδ|X) = E(ξ|X)m(X), our residual-marked

empirical process testing statistic is defined as:

Tn =

∫
R2

n(X)dHn(X), (3.7)

where Rn(x) =
1√
n

∑n
i=1{ξiδi − Ûn(Xi)m(Xi, θ̂n)}I(Xi6x) and Hn(x) is the empirical distribution

function of X based on sample (Xi, i = 1, 2, · · · , n). Denote IFx(X, ξ, δ) = ξ{δ−m(X, θ)} I(X6x)−
E{U(X)ṁ(X, θ)I(X6x)}IF θ

x (X, ξ, δ) with

IF θ
x (X, ξ, δ) = |V |ξδ −m(X, θ)π(X, 1, α)

1−m(X, θ)π(X, 1, α)

{
V

[−1]
11

ṁ(X, θ)

m(X, θ)
+ V

[−1]
12

π̇(X, θ)

π(X, θ)

}
,

where |V | denotes the determinant of V .

Theorem 3 Suppose that Conditions (C1)-(C5) in the Appendix hold. Under the MAR mechanism,

Rn(x) converges to a centered Gaussian process R(x) with the covariance function Cov(R(x1), R(x2))

= E{IFx1(X, ξ, δ) IFx2(X, ξ, δ)}. As a consequence, Tn converges in distribution to
∫
R2(X) dH(X).

Since the asymptotic distribution of the testing statistic is complex, we apply a model-based bootstrap

technique to define the critical value of the test Tn. Here we omit the details.

4 Simulation studies and a real data example

Under some settings, we conducted simulation studies and a real data analysis to validate the

estimating and testing procedures. We compare these proposed estimator and the existing estiamtors

in terms of the MISE (mean integral square error) on the interval [0, 0.6]. The results, based on 1000

replications with sample sizes 100 and 200, are reported in Table 1.
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Table 1. Simulation results for Example 1: MISE×100 of the four estimators—Ŝn(t): the proposed

estimator; ŜnW (t): Wang and Ng’s nonparametric estimator; ŜnS(t): Subramanian’s estimator;

ŜnV (t) : van der Laan and McKeague’s estimator and ŜC(t) : complete-case estimator under the

different configurations.

Scenario Censor Missing n Ŝn(t) ŜnW (t) ŜnS(t) ŜnV (t) ŜC(t)

(i) A NMAR1 100 0.189 0.405 0.484 0.801 1.971

200 0.111 0.384 0.416 0.713 1.880

NMAR2 100 0.192 0.161 0.205 0.819 1.982

200 0.112 0.103 0.121 0.724 1.894

B NMAR1 100 0.166 0.199 0.226 0.933 1.155

200 0.095 0.155 0.161 0.799 1.086

NMAR2 100 0.149 0.172 0.194 0.847 0.823

200 0.083 0.127 0.131 0.710 0.740

(ii) A MAR1 100 0.402 0.138 0.187 2.644 1.476

200 0.346 0.073 0.089 2.543 1.387

MAR2 100 0.613 0.134 0.168 2.651 0.946

200 0.596 0.063 0.075 2.592 0.830

B MAR1 100 0.208 0.119 0.157 1.741 2.079

200 0.157 0.058 0.068 1.318 1.367

MAR2 100 0.283 0.116 0.146 1.818 1.439

200 0.245 0.058 0.067 1.739 1.330

(iii) A DMP1 100 0.195 0.417 0.493 2.065 0.786

200 0.116 0.365 0.395 1.880 0.749

DMP2 100 0.199 0.163 0.205 2.082 0.802

200 0.117 0.102 0.119 1.892 0.760

B DMP1 100 0.162 0.202 0.228 0.933 1.117

200 0.101 0.150 0.156 0.787 1.096

DMP2 100 0.150 0.174 0.194 0.835 0.783

200 0.089 0.124 0.128 0.701 0.760
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Table 2. Simulation results for Example 2: Empirical sizes and powers of the test under different

sample sizes, missing and censoring rates.

100 200

missing/ censoring A B A B

sizes MAR1∗ 0.058 0.069 0.045 0.057

MAR2∗ 0.071 0.075 0.036 0.031

power NMAR1∗ 0.585 0.428 1.000 0.992

NMAR2∗ 0.346 0.222 0.991 0.876

Example 1. To illustrate the proposed method, we investigate a data set of 169 elderly women with

Stage II breast cancer. We calculate the proposed estimator Ŝn(t), the complete-case estimator, and

the estimators of [6, 10], and depict these estimators in Figure 1. We have further applied the testing

procedure in Section 3 to check whether the missing process is MAR or not. The P-value is calculated

to be 0.012. Hence the MAR assumption can not be accepted and it is advisable to estimate the sur-

vival function by applying the proposed method. Other parametric probability models for E(δ|X) and

E(ξ|X, δ), such as logistic models, are also applied to analyse the data and similar results are obtained.
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Figure 1. The estimated survival curves for Example 3. Solid line: the proposed estimator Ŝn(t); dotted line: Wang and Ng’s
nonparametric estimator; dashed line: the complete-case estimator; and dashed-dotted line: van der Laan and McKeague’s

estimator.
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