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variable selection methods are popular to be applied in the problem of
high dimensional data sets in the past years. Most of those methods depend
on the model assumptions, while suﬃcient dimension reduction is a nonparametric method to deal with high dimensional data. In this topic, We aim
at integrating suﬃcient dimension reduction into variable selection. A two
stage procedure is proposed. First, we obtain dimension reduction directions
and integrate them to construct a variable which is linearly dependent on
predictors. Then by treating this constructed variable as a new response,
we use the traditional variable selection methods such as adaptive LASSO
to conduct variable selection. We call such a procedure as dimension reduction based linear surrogate variable (LSV) method. To illustrate that it has
wide application, we also apply it to variable selection for the problem of
missing responses. Extensive simulation studies show that it is more robust
than the variable selection methods depending on model assumptions, and
more eﬃcient than the other model-free variable selection methods. Another
advantage of the LSV is that it can be easily implemented. We also consider about the situation of missing data, within which LSV still has a good
performance. A real example is given to illustrate the proposed method.
Key Words: adaptive LASSO, central subspace, linear surrogate variable,
suﬃcient dimension reduction, variable selection.

1

Introduction

High dimensional data sets are encountered in many practical situations.
However it is often the case that only some of the predictors are relevant
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for the response, and we want to pick out these relevant predictors. This
raises the variable selection issue. Most of the existing variable selection
methods rely on model assumptions, such as LASSO (Tibshirani 1996, 1997),
adaptive LASSO (ALASSO, Zou 2006), SCAD (Fan and Li 2001) and so
forth. When model assumptions are correctly speciﬁed, the corresponding
variable selection methods can have some good properties. However, it is
diﬃcult to establish reasonable model assumptions especially for the high
dimensional data.
The existing nonparametric variable selection methods are based on the
suﬃcient dimension reduction (SDR), which is a nonparametric technique
for dealing with high dimensional data. Attracted by the model-free property of SDR, many statisticians start to work on the variable selection under
the framework of SDR. There are two categories of model-free variable selection approaches. The ﬁrst category of approaches are test based, including,
for example, the approximate SIR based t-test (Chen and Li, 1998), the
marginal co-ordinate test (Cook, 2004) and the gridded χ2 -test (Li, Cook
and Nachtsheim, 2005). The tests are typically incorporated into a variable
subset search procedure, e.g. a stepwise backward or forward search. However, such subset selection methods are not only computationally intensive
but may also be unsatisfactory in terms of prediction accuracy and stability
(Breiman, 1995). An alternative class of model-free selection methods integrate SDR with the regularization paradigm, and examples include shrinkage
SIR (Ni et al, 2005), sparse SDR method (Li, 2007), shrinkage ridge SIR (Li
and Yin, 2008), and shrinkage inverse regression (Bondell and Li, 2009). It
should be pointed out that all such methods are implemented by iterative
processes, which are deﬁnitely time-consuming. In addition, due to the complicated algorithms, some eﬃciency of the methods might be lost.
The target of this paper is to ﬁnd a new model-free variable selection
approach which can select the relevant predictors eﬃciently. We propose the
so called dimension reduction based linear surrogate variable (LSV) method.
Speciﬁcally, we ﬁrst, based on SDR, construct a LSV, say U , which is linearly
dependent on X, and then apply the variable selection methods for linear
models to the linear regression of U on X. Unlike the methods mentioned
above, the LSV method employs the SDR and variable selection methods
respectively in two individual steps, such that it has some advantages. First,
the computation is quite simple and fast. Second, since the variable selection
methods are best developed for linear models, which are incorporated into
the LSV method, the LSV method might gain more eﬃciency than the other
model-free methods mentioned above. Third, the LSV method can easily
incorporate the SDR and variable selection methods. So it can be easily extended to more complicated cases as long as there exist the SDR and variable
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selection methods adaptive for these cases. For example, the LSV method
can handle this case of missing responses by using the two-stage procedure
proposed by Ding and Wang (2011) to estimate the central subspace.

2
2.1

The LSV method
Methodology

As stated in Section 1, SIR is a popular SDR method. In this paper it is
employed to estimate SY( |X . It is)well known that SIR requires the so-called
linear condition that E X|B ⊤ X is a linear function of B ⊤ X, where B is a
basis of central subspace SY |X . Denote M = cov (E (X|Y )), which is called
the kernel matrix of SIR. When the linear condition holds, then Span(M) ⊆
SY |X , where Span(M) refers to the column space of M. Note that Span(M)
is a proper subspace of SY |X only in exceptional cases. Throughout this
paper we assume Span(M) = SY |X . Denote the dimension of SY |X by K.
The eigenvalues of M are ranked in decreasing order and denoted by λ1 ≥
· · · ≥ λK > λK+1 = · · · = λp = 0. The corresponding eigenvectors are
denoted by νi = (νi1 , · · · , νip )⊤ , i = 1, . . . , p. Then νi ∈ SY |X for i ≤ K and
νi belongs to the orthogonal complement subspace of SY |X for i > K.
By the deﬁnition of relevant predictors, we have that if Xj is a relevant
predictor, i.e., j ∈ A , then νij ̸= 0 for some 1 ≤ i ≤ K, and if j ∈ A C ,
then νij = 0 for 1 ≤ i ≤ K. To select the relevant predictors from the K
dimension reduction directions, we let
∗

β =

K
∑

λi |νi |,

(1)

i=1

where |νi | = (|νi1 |, |νi2 |, · · · , |νip |)⊤ . Let βj∗ be the jth element of β ∗ . It is
obvious that {j : βj∗ ̸= 0} = A . Then we construct a LSV
U = X⊤ β ∗ .

(2)

Immediately the variable selection methods for linear models can be applied
for the regression of U on X. Since the ALASSO proposed by Zou (2006) is
known as an eﬃcient method for linear models, we employ it in this paper.
In practice K is unknown. There are many methods to estimate K such
as the sequential test (Li 1991), Bayesian information criterion (BIC, Zhu et
al. 2006), penalized spectral decomposition (Zhu et al. 2010) and so forth.
In this paper we introduce the modiﬁed BIC proposed by Zhu et al. (2010)
since it can estimate K consistently.
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Note that a larger absolute value of νij indicates that Xj is more important for the direction νi . To remain the importance we take absolute values
of the dimension reduction directions for the construction of β ∗ . Because if
we do not take absolute values, then there might be exist j ∈ A such that βj∗
is equal to 0 or very small even when the absolute values of νij , i = 1, . . . , K
are large, because they can cancel each other. Of course, one might take
square of elements of νi as an alternative method.

2.2

Sample estimator and asymptotic properties

Suppose that {(xi , yi ) , i = 1, . . . , n} are independently drawn from (X, Y ).
Then the proposed LSV method works as follows.
Step 1. Slice the range of Y into H pieces, say I1 , .∑
. . , IH .
H
−1
⊤
Step 2.
Estimate
the
kernel
matrix
by
M̂
=
H
h=1 p̂h m̂h m̂h , where
∑
∑
p̂h = n−1 nj=1 I (yj ∈ Ih ) and m̂h = (np̂h )−1 nj=1 xj I (yj ∈ Ih ).
Step 3. Conduct spectral decomposition of M̂ and obtain the eigenvalues
λ̂1 ≥ λ̂2 ≥ · · · ≥ λ̂p ≥ 0 and the corresponding eigenvectors ν̂1 , ν̂2 , . . . , ν̂p .
Step 4. Use the BIC proposed by Zhu et al. (2010) to obtain an estimator
of K, i.e., K̂ = arg maxk=1,··· ,p {G(k)}, where G(k) is deﬁned as
)
}
∑k { (
log
λ̂
+
1
−
λ̂
l
l
l=1
n
k (k + 1)
)
} − 2 × Cn ×
G (k) = × ∑ { (
.
(3)
p
2
2p
log λ̂ + 1 − λ̂
l

l=1

l

Here Cn is a value dependent on n. Usually we can set Cn = n1/2 .
Step 5. Obtain that
K̂
∑
β̂ =
λ̂i |ν̂i |

(4)

i=1

x⊤
i β̂

and ûi =
for i = 1, . . . , n.
Step 6. Apply the ALASSO to the data (ûi , xi ), i = 1, . . . , n and select
the relevant predictors. That is,


(
)2
p
p
n
∑

∑
∑
β̂alasso = arg min
ûi −
ŵj |βj | ,
(5)
xij βj + ξn

β∈Rp 
i=1

j=1

j=1

where ξn is a tuning parameter, xij is the jth element of xi , and the weight
ŵj = |β̂ols,j |−γ with γ > 0 and β̂ols is the ordinary least square solution of U
on X. Then we obtain that Ac= {j : β̂alasso,j ̸= 0}.
And we also prove the oracle properties of LSV method.
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2.3

Application to data with missing response at random

The existing model-free variable selection methods only handle the cases
where all the subjects are completely observed. However, data with missing
responses are a common problem in practice. Some procedures have been proposed for handling this problem, see, e.g., Garcia, Ibrahim and Zhu (2010),
Heymans et al. (2007) and so forth. But these methods are somewhat complicated and based on some model assumptions. So here we extend the LSV
method to this case. We applied a simple general two-stage procedure(Ding
and Wang (2011)), called Fusion–Reﬁnement (FR), and the asymptotic results are also nice.
All proposed methods were tested by a plenty of simulation studies, and
showed good performances.

3

Concluding Remarks

In this paper we use SIR to obtain the dimension reduction directions to
construct the LSV, and then employ ALASSO to conduct variable selection.
It should be emphasized that other SDR and variable selection methods can
also be employed to implement the LSV procedure. For the SDR methods
with spectral decomposition of a matrix, such as SAVE, the eigenvalues can
be also used as weights to construct LSV. For other type of SDR methods,
such as sliced regression (Wang and Xia 2008), how to measure the importance of the obtained dimension reduction directions should be considered so
that suitable weights to every direction can be assigned.
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