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Abstract
Beta regression models provide an adequate approach for modeling continuous outcomes limited to the interval (0, 1).
This paper deals with an extension of beta regression models that allow for explanatory variables to be measured with
error. The structural approach, in which the covariates measured with error are assumed to be random variables, is
employed. Three estimation methods are presented, namely maximum likelihood, maximum pseudo-likelihood and
regression calibration. Monte Carlo simulations are used to evaluate the performance of the proposed estimators and the
naïve estimator. Also, a residual analysis for beta regression models with measurement errors is proposed. The results
are illustrated in a real data set.
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1

Introduction

The beta regression models provide an adequate approach for modeling continuous outcomes limited to the interval
(0, 1), or more generally, limited to any open interval (a, b) as long as the limits are known (Ferrari and Cribari-Neto,
2004). Although the literature on beta regression has grown fast in the last few years, errors-in-variables models with
beta distributed outcomes is an unexplored area.
A beta regression model assumes that the response variable, y, has a beta distribution with probability density
function
f (y; µ, φ) =

Γ(φ)
y µφ−1 (1 − y)(1−µ)φ−1 , 0 < y < 1,
Γ(µφ)Γ[(1 − µ)φ]

(1)

where Γ(·) is the gamma function, 0 < µ < 1 and φ > 0, and we write y ∼ Beta(µ, φ). Here, µ = E(y) and φ is
regarded as a precision parameter since Var(y) = µ(1 − µ)/(1 + φ). For independent observations y1 , y2 , . . . , yn , where
each yt follows a beta density (1) with mean µt and unknown precision parameter φ, the beta regression model defined
by Ferrari and Cribari-Neto (2004) assumes that
g(µt ) = z>
t α,

(2)
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with α ∈ Rpα being a column vector of unknown parameters, and with z>
t = (zt1 , . . . , ztpα ) being a vector of pα fixed
covariates (pα < n). The link function g(·) : (0, 1) → R is assumed to be a continuous, strictly monotone and twice
differentiable function. There are many possible choices for g(·), for instance, the logit link, g(µt ) = log[µt /(1 − µt )],
the probit link, g(µt ) = Φ−1 (µt ), where Φ(·) is the cumulative distribution function of the standard normal distribution,
and the complementary log-log link, g(µt ) = log[− log(1 − µt )].
Extensions for the beta regression model proposed by Ferrari and Cribari-Neto (2004) that allow the precision parameter to vary across observations, or that involve non-linear structures for the regression specification of the mean and
the precision parameter, are presented by Smithson and Verkuilen (2006), Simas et al. (2010), among others. The beta
regression model with linear specification for the transformed mean and precision parameter is given by (1), (2) and
h(φt )

= vt> γ,

(3)

where γ ∈ Rpγ (pα + pγ < n) is a column vector of unknown parameters, vt = (vt1 , · · · , vtpγ )> is a vector of fixed
covariates, h(·) : (0, ∞) −→ R is a strictly monotone, twice differentiable link function. A possible choice for h(·) is
h(φt ) = log(φt ).
The purpose of this paper is to extend the beta regression model (1)-(3) to the situation where some covariates are not
directly measured or are measured with error. A practical application of errors-in-variables beta regression models will be
illustrated in a study of the risk of coronary heart disease as a function of low-density lipoprotein (LDL) cholesterol level
(“bad cholesterol”) and body mass index (BM I). The dataset consists of observations of systolic blood pressure (SBP ),
diastolic blood pressure (DBP ), BM I and total cholesterol level (T C) in a group of 182 smoking women aged 50 to 87
years. The total cholesterol may be considered as a surrogate of LDL, which is a covariate of interest, and whose direct
measure is more expensive and time consuming. The difference between SBP and DBP results in what is known as the
pulse pressure, P P = SBP − DBP , and the relative pulse pressure is RP P = (SBP − DBP )/SBP = P P/SBP .
Small values of RP P , RP P < 25% say, is indicative of risk of heart disease (American College of Surgeons, 2008, p.
58). Notice that the response variable, RP P , is continuous and limited to the unit interval, and that one of the covariates,
namely LDL, is not measured directly.

2

Model and likelihood

Let y1 , . . . , yn be independent observable random variables arising from a sample of size n, such that yt has a beta
distribution with probability density function (1) with parameters µ = µt and φ = φt . In the following, we assume
that µt and φt may depend on covariates and unknown parameters. In practice, some covariates may not be precisely
observed, but, instead, may be obtained with error. The model considered in this paper assumes a linear structure for the
specification of the mean and the precision parameters, and also assumes that both specifications may involve covariates
measured with error. Specifically, we replace the mean submodel (2) and the precision submodel (3) by
g(µt )
h(φt )

>
= z>
t α + xt β,

=

vt> γ

+

m>
t λ,

(4)
(5)

respectively, where β ∈ Rpβ , λ ∈ Rpλ are column vectors of unknown parameters, xt = (xt1 , · · · , xtpβ )> and
mt = (mt1 , · · · , mtpλ )> (pα + pβ + pγ + pλ < n) are unobservable (latent) covariates, in the sense that they are
observed with error. The vectors of covariates measured without error, zt and vt , may contain variables in common,
and likewise, xt and mt . Let st be the vector containing all the unobservable covariates. For t = 1, . . . , n, the random
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vector wt is observed in place of st , and it is assumed that
wt = τ 0 + τ 1 ◦ st + et ,

(6)

where et is a vector of random errors, τ 0 and τ 1 are (possibly unknown) parameter vectors and ◦ represents the
Hadamard (elementwise) product. The parameter vectors τ 0 and τ 1 can be interpreted as the additive and multiplicative
biases of the measurement error mechanism, respectively. If τ 0 is a vector of zeros and τ 1 is a vector of ones, we have
the classical additive model wt = st + et . Here, we follow the structural approach, in which the unobservable covariates
are regarded as random variables, i.e. we assume that s1 , . . . , sn are independent and identically distributed random vectors. In this case, it is also usual to assume that they are independent of the measurement errors e1 , . . . , en . Moreover,
the normality assumption for the joint distribution of st and et is assumed. The parameters of the joint distribution of
wt and st is denoted by δ.
Let (y1 , w1 ), . . . , (yn , wn ) be the observable variables. We omit the observable vectors zt and vt in the notation as
they are non-random and known. The joint density function of (yt , wt ), which is the observation for the t-th individual,
is obtained by integrating the joint density of the complete data (yt , wt , st ),
f (yt , wt , st ; θ, δ) = f (yt |wt , st ; θ)f (st , wt ; δ),
with respect to st . Here, θ = (α> , β > , γ > , λ> )> represents the parameter of interest, and δ is the nuisance parameter.
The joint density f (wt , st ; δ), which is associated to the measurement error model, can be written as f (wt , st ; δ) =
f (wt |st ; δ)f (st |δ) as well as f (wt , st ; δ) = f (st |wt ; δ)f (wt |δ). In this work we assume that, given the true (unobservable) covariates st , the response variable yt does not depend on the surrogate covariates wt ; i.e. f (yt |wt , st ; θ) =
f (yt |st ; θ). In other words, conditionally on st , yt and wt are assumed to be independent (Bolfarine and Arellano-Valle,
1998). Therefore, the log-likelihood function for a sample of n observations is given by
`(θ, δ) =
=

n
X
t=1
n
X
t=1

log f (wt ; δ) +

n
X

n
X

Z

∞

···
−∞

i=1

`1t (δ) +

∞

Z
log

`2t (θ, δ).

f (yt |st ; θ)f (st |wt ; δ)dst
−∞

(7)

t=1

In general, the likelihood function involves analytically intractable integrals and, hence, approximate inference methods
need to be considered. In the next section, we present three different approaches to estimate the parameters.

3

Estimation

The second term of the log-likelihood function `(θ, δ) in (7), which depends on a non-analytical integral, can be approximated using the Gauss-Hermite quadrature; see, for instance, Abramowitz and Stegun (1972, Chapter 22).
We present three different strategies to estimate the parameters θ. The first one is the maximization of an approximate
log-likelihood function obtained by approximating the second term of (7) using the Gauss-Hermite quadrature. The
second one is a two-step procedure (Guolo, 2011). First, the nuisance parameter vector δ is estimated by maximizing
the reduced log-likelihood function
`r (δ) =

n
X
t=1

`1t (δ).

(8)
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b obtained from the maximization of (8) is inserted in the original log-likelihood function (7),
Second, the estimate δ
which results in the pseudo-log-likelihood function
b =
`p (θ; δ)

n
X
t=1

b +
`1t (δ)

n
X

b
`2t (θ, δ).

(9)

t=1

b cannot be expressed in closed form and requires numerical integration. HowAs in `(θ, δ), the second term in `p (θ; δ)
b depends on the parameter of interest only. It is possible to
ever, unlike the integral in `(θ, δ), the integral in `p (θ; δ)
b
approximate `2t (θ, δ) by a summation using the Gauss-Hermite quadrature.
The third strategy is the regression calibration method; see Carroll et al. (2006, Chap. 4), Freedman et al. (2008),
Thurston et al. (2005) and Guolo (2011). The central idea is to replace the unobservable variable by an estimate of its
conditional expected value given the observed covariates in the likelihood function. It is well known that regression calibration estimators are, in general, inconsistent. Skrondal and Kuha (2012) point out that “the inconsistency is typically
small when the true effects of the covariates measured with error are moderate and/or the measurement error variance
are small, but more pronounced when these conditions do not hold.”
Numerical properties of the three estimators described above are presented in the full version of this paper. Also,
diagnostic tools for error-in-variables beta regression models are presented and the dataset mentioned in Section 1 is
analysed using the proposed model and inferential methods.

4

Concluding remarks

In this paper we proposed and studied errors-in-variables beta regression models. We proposed three different estimation methods, namely, the approximate maximum likelihood, maximum pseudo-likelihood and regression calibration
methods. We performed a Monte Carlo simulation study to compare the performance of the estimators in terms of bias,
root-mean-square errors and coverage of confidence intervals. Overall, we reached the following conclusions. First,
ignoring the measurement error may lead to severely biased inference. Second, the regression calibration approach is
very simple and seems to be reliable for estimating the parameters of the mean submodel when the measurement error
variance is small. However, there is clear indication that it is not consistent for estimating the parameters that model
the precision of the data.Third, the approximate maximum likelihood and maximum pseudo-likelihood approaches perform well, the later being less computationally demanding than the former. We, therefore, recommend the maximum
pseudo-likelihood estimation for practical applications. We emphasize that the maximum pseudo-likelihood estimator
coincides with the improved regression calibration estimator proposed by Skrondal and Kuha (2012). Its consistency and
asymptotic normality are justified by these authors. We also proposed a standardized weighted residual for diagnostic
purposes. All our results were illustrated in the analysis of a real data set.
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