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Abstracts
Statistical methods are used in statistics physics, which is a momentous interdiscipline, to
provide a conceptual link between the 'macroscopic world' and the 'microscopic world'.
When studying gases, we can examine the statistical distribution of particle velocities and
energies by using Maxwell-Boltzmann statistics, which can be solve as a problem of
combination, to gain a comprehensive understanding of the relationship between the
macroscopically observable quantities and the microscopic energies of individual particles,
which make up the gas. Also, applying statistical approaches to thermodynamics can lead
to deeper understanding models such as Brownian motion and provide some useful
insights and general ways to deal with other physical stochastic processes. Another crucial
contribution of statistics to physics is Monte Carlo method, which bases on the law of
large numbers and Central Limit Theorems, has applications in a wide range of fields
from computational physics, molecular dynamics and related applied fields.
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Introduction	
  
In recent several hundred years, the theoretical system of physics has been largely
improved, part of which came from the combination of the statistics and physics, which
solves problems from a brand new perspectives. And the statistical theories are applied
more and more widely in Physics, have made great contributions for the development of
physics. All the following content in this paper are three major contributions of statistical
methods to physics.

1. Maxwell-Boltzmann statistics
The main contribution of Statistics is in the statistical thermodynamics. Statistical
thermodynamics is a branch of physics that applies probability theory, which contains
statistics tools for dealing with large population, to probe into the thermodynamic
behavior of systems consisted of a large number of particles. Statistical thermodynamics
provides a conceptual link between the microscopic properties of atoms and molecules to
the macroscopic materials that can be observed in everyday life.
In statistical thermodynamics, two central quantities are Maxwell-Boltzmann statistics and
its partition function. Maxwell-Boltzmann statistics describes the statistical distribution of
particles over various energy states in thermal equilibrium, which throw a light on
microstate, and Maxwell-Boltzmann statistics is valid when the temperature is high
enough and density is low enough to omit quantum effects.
First, suppose we have a container with plenty of particles, which have the same
properties but can be distinguishable. All of these particles are moving in the container in
random directions with great speed and thus possessing different energy. Therefore, the
Maxwell–Boltzmann distribution is a function that explains how many particles in the
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container that have certain energy.
To describe this system, we assume that N! (i=1,2,3…) is the occupation number of the
energy level 𝜀! (i=1,2,3…). To begin with, let’s assume that there is only one single way
to put 𝑁! particles into the energy level 𝜀! . Obviously, the number of different ways of
selecting n objects from N objects without order is 𝐶!! . If we have a set of boxes labeled a,
b, c, d, e…z, then we select 𝑁!   objects from N objects and put them in the box a
!
(𝑊! = 𝐶! ! ), and then we selects 𝑁! from the remaining 𝑁 − 𝑁! objects and put them
!!
in the box b (𝑊! = 𝐶!!!
), and continuing until all objects are in boxes. The total number
!
of the different ways is:
!

!

𝑊=
!!!

!

!

!

!
!
!
𝑊! = 𝐶! ! ∙ 𝐶!!!
∙ 𝐶!!!
∙∙∙∙∙ 𝐶!!!
! !!!! !!! !⋯!!!
!
! !!!

𝑁!
=
= 𝑁!
𝑁! ! ∙ 𝑁! ! ∙ 𝑁! ! ⋯ 𝑁! ! ∙ 𝑁 − 𝑁! − 𝑁! − 𝑁! − ⋯ − 𝑁! !

!

!!!

1
𝑁! !

Now considering the degeneracy of each particle. If the i-th box has a "degeneracy" of 𝑛! ,
which means 𝑛! objects have the same energy level 𝜀! ; there are 𝑛!   sub-boxes in the i-th
box. So in the i-th box, the number of ways of placing 𝑁! objects in 𝑛! sub-boxes is 𝑛! !! .
Thus the number of ways of putting 𝑁!   objects into i-th boxes is 𝑛! !! instead of 1!! , and
we can right down W as:
!
𝑛 ! !!
𝑊 = 𝑁!
𝑁! !
!!!

We wish to find the 𝑁! for which the function W is maximized. Apparently, when W
reaches its maximum, ln 𝑊 reaches its maximum with the same values of 𝑁! . We will
select the latter function to find the 𝑁! , because it is quite handy to calculate.
!

!

ln 𝑊 = ln 𝑁! +

𝑁! ∙ ln 𝑛! −
!!!

ln 𝑁! !
!!!

Using the Stirling formula that 𝑙𝑛 𝑁! = 𝑚(𝑙𝑛 𝑚 − 1) when 𝑚 ≫ 1, we can write W as:
!

ln 𝑊 = 𝑁 ln 𝑁 +

!

𝑁! ∙ ln 𝑛! −
!!!

𝑁! ln 𝑁!
!!!

With the constraint that 𝑁 = 𝑁! and 𝐸 = 𝑁! ∙ 𝜀! in the container, we will find N! by
using Lagrange multipliers and form the function:
𝑓 𝑁! = ln 𝑊 + 𝛼 𝑁 −

𝑁! + 𝛽 𝐸 −

                        = 𝛼𝑁 + 𝛽𝐸 + 𝑁 ln 𝑁 +

𝑁! ∙ 𝜀!   

[  𝑁! ∙ ln 𝑛! − 𝑁! ln 𝑁! − (𝛼 + 𝛽 𝜀! ) ∙ 𝑁! ]

In order to find the 𝑁! when the function W is maximized,
𝜕𝑓
= ln 𝑛! − ln 𝑁! − 𝛼 + 𝛽𝜀! = 0 ⇒ 𝑁! = 𝑛! ∙ 𝑒 !(!!!!! )
𝜕𝑁!
Here is the Maxwell–Boltzmann distribution. As for 𝛼  𝑎𝑛𝑑  𝛽, assume that 𝑁 ≫ 1, then:
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1
𝛼
𝑑 ln 𝑊 − 𝑑𝑁
𝛽
𝛽

According to the second law of thermodynamics:𝑑𝐸 = 𝑇𝑑𝑆 + 𝜇𝑑𝑁 and Boltzmann's
!
!
equation: 𝑆 = 𝑘 ln 𝑊 , we can immediately find that 𝛽 =
and 𝛼 = − . So the
!"
!"
Maxwell–Boltzmann distribution can be written as:
𝑛!
𝑁! = 𝑛! ∙ 𝑒 ! !!!!! = (! !!)
!
!"
𝑒
Alternatively, we may use the fact that
𝑁! = 𝑁

!! !

!!!

!

!"

𝑁! = 𝑁. To obtain the population numbers as

, where Z is the partition function defined by 𝑍 =

! 𝑔!

𝑒

!!!

!"

By knowing Maxwell–Boltzmann distribution and partition function, we can calculate the
distribution of a given amount of energy E over N identical systems and further
understand and interpret the measurable macroscopic properties of materials in terms of
the properties of their constituent particles and the interactions between them. Another
two theories---Fermi–Dirac distribution and Bose–Einstein statistics, which considers
quantum effects---derive from Maxwell–Boltzmann statistics, describe the
indistinguishable particles. By knowing these three statistical distributions, physicians
could describe all kinds of particles and probe into the profound nature.

2. Brownian motion
Statistical theory is also wildly applied in physical stochastic processes. Much of
probability theory is devoted to describing the macroscopic picture emerging in random
systems defined by a host of microscopic random effects. Brownian motion, as a typical
physical stochastic process, is the macroscopic picture emerging from a particle moving
randomly in d-dimensional space, and is interpreted perfectly by statistics.
Brownian motion is a kind of random moving of particles suspended in a fluid, which
results from their constant collision by the high-speed atoms or molecules. Brownian
motion is the simplest of the continuous-time stochastic processes, and is closely linked to
the normal distribution. In most cases, it is often statistical convenience rather than the
real motion function of the fluid that solve Brownian motion. This is because Brownian
motion can be approximated as actual random physical processes, which have a finite time
scale.
In statistics, Brownian motion is described by the “Wiener process”, which is
characterized by following facts: 𝑊! = 0; 𝑊! is almost surely continuous and has
independent increments; 𝑊! − 𝑊! ~N 0, 𝑡 − 𝑠 .  N 𝜇, 𝜎 ! is the normal distribution with
certain value    𝜇 and variance 𝜎 ! .
According to “Wiener process”, Einstein established his own theory to describe Brownian
motion. Einstein’s theory was to determine how far a Brownian particle moves in a given
time interval. Because of the enormous number of collision a Brownian particle will
experience, Classical mechanics is unable to determine this distance. Thus Einstein was
led to consider using “Wiener process” to describe the collective motion of Brownian
particles. Assuming 𝜌 𝑥, 𝑡 is the density of Brownian particles at the point x at time t,
he found that 𝜌 satisfies the diffusion equation:
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, where D is the mass diffusivity.

!! !

Assuming that all the particles start from the origin at the initial time t=0, the diffusion
equation has the solution:
𝜌 𝑥, 𝑡 =

!!
!!"#

!!

𝑒 !!!" , which can transfer into the standard normal distribution.

This expression allowed Einstein to calculate the moments directly. The first moment is
seen to vanish. However, the second moment is non-vanishing, being given by x ! =
2Dt
From this expression Einstein argued that the displacement of a Brownian particle is
proportional to the square root of the elapsed time. His argument is based on a conceptual
switch from the "ensemble" of Brownian particles to the "single" Brownian particle: we
can speak of the relative number of particles at a single instant just as well as of the time it
takes a Brownian particle to reach a given point.
Now, statistical theories provide efficient tools for the analysis of physical stochastic
processes. When we meet an unknown physical stochastic process, we will consider
whether it can be described by the “Wiener process” or whether there is a relationship
!"

!! !

between
and ! . If the answer is yes, we could solve it with statistical method
!"
!!
immediately. Especially, this method is wildly used in molecular dynamics, which
contains abundant stochastic processes, and makes a marvelous contribution.

3. Monte Carlo method
Monte Carlo methods, as an important contribution of statistics, helps physicians solve
thousands of profound conundrums and are applied in different branches of physics.
The Monte Carlo method provides approximate solutions to a variety of physical and
mathematical problems by performing statistical sampling experiment on a compute. They
are most suited to be applied when it is impossible to obtain a closed-form expression or
infeasible to apply a deterministic algorithm. Remarkably, the method applies to problems
with absolutely no probabilistic content as well as to those with inherent probabilistic
structure.
The Monte Carlo method is based on Law of large numbers and Central Limit Theorem.
According to the Law of large numbers, the average of the results obtained from a large
number of trials should be close to the expected value, and will tend to become closer as
more trials are performed. And the sampling error will be determined by n and 𝜎 through
Central Limit Theorem.
Usually, the procedure of Monte Carlo method is:
1.According to the properties of the physical system that we want to delve, we
up Theoretical model that could describe the system characteristics, and form
probability density function of the certain characteristics.
2.Basis on probability density function, we conduct random sampling and get
characteristics of the simulation results.
3.We could predict some of the features of a physical system through the analysis of
simulation results.

set
the
the
the
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Let’s see an example. The Ising model is a famous mathematical model of
ferromagnetism in statistical mechanics. The model consists of discrete variables that
represent magnetic dipole moments of atomic spins that can be either +1 or -1(up and
down). The spins are arranged in a lattice, and each spin can interact with its neighbors.
The model simulates the whole process from the state that all spins are in absolute random
direction to the state that the lattice becomes ferromagnetic which means all of the points
are in the same direction. This shows us a phase transition process.
In two-dimensional square-lattice Ising model, assuming there is a L×L lattice. Since
every spin site has ±1 spin, there are 2! different states are possible. It will be a great
deal of calculation to do if we use traditional theory. This motivates us to simulate Ising
model by using Monte Carlo Methods.
The Hamiltonian Function that is commonly used representing the energy of the model
when using Monte Carlo Methods is:
𝐸 = 𝐻 𝑠 = −𝑗

𝑠! ∙ 𝑠! , 𝐽 > 0   is  exchange  constant
!!"!

For each spin, when a spin is chosen, we should calculate the 𝐸!"#$ , which is the
difference between the present energy and the energy if the spin is flipped. If 𝐸!"#$ < 0,
the spin is flipped and the system moves into a different microstate. If 𝐸!"#$ > 0, we
generate a random number R that is distributed uniformly between 0 and 1. For a system
in equilibrium with a heat bath, the probability of finding the system in any particular state
is proportional to the Boltzmann factor, assumes that 𝑃 = exp  (−

!!"#$
!! !

). If P>R, the spin

is flipped; otherwise, the spin is left undisturbed. After each sweep is completed, record
the new energy and so does the rest spins. When we perform this simulation is different
temperature, we will clearly find the relationship between the energy of the spin and the
temperature and predict the critical temperature of the phase transition.
Through the example above, we would see the great importance of Monte Carlo methods
applied in Physics. Furthermore, Monte Carlo methods also play significant role in
quantum dynamics, physical chemistry, and related applied fields. In quantum dynamics,
Quantum Monte Carlo methods solve the multi-body problems for quantum system. In
experimental particle physics, Monte Carlo Methods are use for designing detectors,
understanding their behavior and comparing experimental data to theory. In astrophysics,
they are used in such diverse manners as to model both the evolution of galaxies and the
transmission of microwave radiation through a rough planetary surface.

Conclusions
The contributions of Statistical methods in the past few hundred years for science
is enormous, especially for physical, which is obvious to all. The three major
contributions of Statistical methods to Physics mentioned above is just a tip of iceberg,
there are still large number of typical examples for that. Indeed, statistics not only helps
physicists understand and improve the theories of thermodynamics and statistical
mechanics, but also provides a new perspective of physical conundrum for each branch of
physics, which made a major contribution to the development of physics. I believe there
will still be more physical model based on statistical methods and principles waiting for us
to discover in the future.
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