Proceedings 59th ISI World Statistics Congress, 25-30 August 2013, Hong Kong (Session IPS076)

p.753

A test for the rank of the volatility process: the random
perturbation approach
Jean Jacod

∗

Mark Podolskij

†

July 30, 2013

Abstract
In this paper we present a test for the maximal rank of the matrix-valued volatility
process in the continuous Itô semimartingale framework. Our idea is based upon a
random perturbation of the original high frequency observations of an Itô semimartingale, which opens the way for rank testing. We develop the complete limit theory for
the test statistic and apply it to various null and alternative hypotheses. Finally, we
demonstrate a homoscedasticity test for the rank process.
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Introduction

In the last years asymptotic statistics for high frequency observations has received a lot of
attention in the literature. This interest was mainly motivated by financial applications,
where observations of stocks or currencies are available at very high frequencies. As under
the no-arbitrage condition prices processes must be semimartingales, a lot of research has
been devoted to statistics of high frequency data of semimartingales.
This paper is devoted to testing for the maximal rank of the matrix-valued volatility
process in the continuous Itô semimartingale framework, and more specifically for a ddimensional continuous Itô semimartingale X which is observed at equidistant times over
a fixed time interval [0, T ]: we observe (Xi∆n )0≤i≤[T /∆n ] , and the high-frequency approach
consists in assuming ∆n → 0.
A continuous Itô semimartingale can be written as
dXt = bt dt + σt dWt ,
∗
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where W is a Brownian motion, and there are many representations of this form, with
different Brownian motions W and, accordingly, different volatility processes σ. What
is “intrinsic” is the drift coefficient bt and the diffusion coefficient (“squared volatility”)
ct = σt σt∗ , in the sense that they are uniquely determined by X, up to a Lebesgue-null set
of times (throughout the paper σt∗ denotes the transpose of the matrix σ).
For modeling purposes and economical interpretation we would like to find, and often
choose, the smallest possible dimension of the Brownian motion W in the representation
(1.1). Assuming further that t 7→ ct is continuous, this smallest possible dimension is the
supremum in time of the rank of the Rd×d -valued process c over the time interval [0, T ].
We are further interested in homoscedasticity testing for the rank process.
Our method is based upon a random perturbation of the original data and determinant
expansions. The main idea can be described as follows: if we compute det(ct + het ) for
a positive definite d × d matrix et independent of ct and h ↓ 0, then, under appropriate
conditions, its rate of decay to 0 depends on the unknown rank of ct . Hence, the ratio
det(ct + 2het )/ det(ct + het ) asymptotically identifies the rank of ct . Indeed, our main
statistic is a partial sum of squared determinants of matrices build from d consecutive
increments of the process X and the random perturbation is performed by a properly
scaled Brownian motion W 0 , which is independent of all ingredients of X. We remark that
perturbation methods (and matrix expansions as well) find applications in various fields
of mathematics.

2
2.1

The model and main results
The setting and testing hypotheses

Our process of interest is a d-dimensional continuous Itô semimartingale X, given on
some filtered probability space (Ω, F, (Ft )t≥0 , P). In vector form, and with W denoting a
q-dimensional Brownian motion, it can be written as
Z t
Z t
Xt = X0 +
bs ds +
σs dWs ,
(2.1)
0

0

where bt is a d-dimensional drift process and σt is a Rd×q -valued volatility process, assumed
to be continuous in time (and indeed much more, see Assumption (H) below). We set
ct = σt σt∗ ,

rt = rank(ct ),

Rt = sup rs .

(2.2)

s∈[0,t)

We remark
R T that the maximal rank RT is not bigger than the rank of the integrated
volatility 0 ct dt, but may be strictly smaller. As already mentioned, it is suitable to use
the smallest possible dimension for W , on the time interval [0, T ]. This is the P-essential
supremum of ω 7→ RT (ω), but, since a single path t 7→ Xt (ω) is (partially) observed,
the only available information is RT itself. So the problem really boils down to finding
the behavior of the process rt , and for this the choice of the dimension of W in (2.1) is
irrelevant.
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The rank rt is the biggest integer r ≤ d such that the sum of the determinants of the
matrices (cij
t )i,j∈J , where J runs through all subsets of {1, · · · , d} with r points, is positive
(with the convention that a 0 × 0 matrix has determinant 1). Since ct is continuous, this
implies that for any r the random set {t : rt (ω) > r} is open in [0, T ), so the mapping
t 7→ rt is lower semi-continuous. In particular, the set {t ∈ [0, T ) : rt (ω) = RT (ω)} is
a non-empty open subset. These properties also yield that the process rt is predictable
and that the following subsets of Ω, which later will be the “testing hypotheses”, are
FT -measurable:
ΩrT = {ω : RT (ω) = r}
Ω=
T = {ω : rt (ω) = RT (ω) for all t ∈ [0, T ]}
Ω6=
T

(2.3)

= {ω : t 7→ rt (ω) has finitely many discontinuities and is
not Lebesgue-a.s. constant on [0, T ]}.

Notice that we impose that rT = RT in Ω=
T , whereas the lower semi-continuity only implies
in general that rT ≤ RT . Observe also that a priori t 7→ rt may be Lebesgue-a.s. constant
6=
and still have discontinuities (even infinitely many) on [0, T ]. So, Ω=
T and ΩT are disjoint
6=
r
but Ω=
T ∪ ΩT 6= Ω in general. The main aim of this paper is testing the null hypothesis ΩT
0
6=r
against ΩT = ∪r0 6=r,0≤r0 ≤d ΩrT (and related hypotheses) and testing the null hypothesis of
6=
Ω=
T against ΩT .

2.2

Matrix perturbation

In order to explain the main idea of our method, we need to introduce some notation.
Recall that d and q are the dimensions of X and W , respectively. Then M is the set of
all d × d matrices, Mr for r ∈ {0, · · · , d} is the set of all matrices in M with rank r, and
M0 is the set of all d × q matrices. For any matrix A we denote by Ai the ith column of
A; for any vectors x1 , . . . , xd in Rd , we write mat(x1 , · · · , xd ) for the matrix in M whose
ith column is the column vector xi . For r ∈ {0, · · · , d} and A, B ∈ M we define
MrA,B = {G ∈ M : Gi = Ai or Gi = Bi with #{i : Gi = Ai } = r}.

(2.4)

In other words, MrA,B is the set of all matrices G ∈ M with r columns equal to those of
A (at the same places), and the remaining d − r ones equal to those of B. Let us define
X
γr (A, B) =
det(G).
(2.5)
G∈MrA,B

We demonstrate the main ideas for a deterministic problem first. Let A ∈ M be an
unknown matrix with rank r. Assume that, although A is unknown, we have a way of
computing det(A + hB) for all h > 0 and some given matrix B ∈ Md . The multi-linearity
property of the determinant implies the following asymptotic expansion
det(A + hB) = hd−r γr (A, B) + O(hd−r+1 ),

(2.6)
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which is the core of our method. Thus, if γr (A, B) 6= 0, we have
det(A + 2hB)
→ 2d−r
det(A + hB)

as

h ↓ 0.

(2.7)

and this convergence identifies the parameter r. However, it is impossible to choose a
matrix B ∈ M which guarantees γr (A, B) 6= 0 for all A ∈ Mr . To solve this problem
we can use a random perturbation. As we will show later, for any A ∈ Mr we have
γr (A, B) 6= 0 a.s. when B is the random matrix whose entries are independent standard
normal. This idea will be the core of our testing procedure.

2.3

Assumptions and the test statistic

Before we proceed with the definition of the test statistic, we introduce the main assumptions. We need more structure than the mere Equation (2.1), namely that the processes
bt and σt , and also the volatility of σt , are continuous Itô semimartingales. In view of the
previous discussion, it is no restriction to assume that all these are driven by the same
q-dimensional Brownian motion, provided we take q large enough. This leads us to put
Assumption (H): The d-dimensional semimartingale X, defined on (Ω, F, (Ft )t≥0 , P),
has the form
Rt
Rt
Xt = X0 + 0 bs ds + 0 σs dWs
Rt
Rt
σt = σ0 + 0 as ds + 0 vs dWs
(2.8)
Rt
Rt
bt = b0 + 0 a0s ds + 0 vs0 dWs
Rt
Rt
vt = v0 + 0 a00s ds + 0 vs00 dWs ,
where W is a q-dimensional Brownian motion, and bt and a0t are Rd -valued, σt , at and
vt0 are Rd×q -valued, vt and a00t are Rd×q×q -valued, and vt00 is Rd×q×q×q -valued, all those
processes being adapted. Finally, the processes at , vt0 , vt00 are càdlàg and the processes
a0t , a00t are locally bounded.
2
At this stage it is not quite clear why the full force of assumption (H) is required. In
the standard limit theory for high frequency data of continuous Itô semimartingales only
the first two representations of (2.8) are assumed. When bt = g1 (Xt ), σt = g2 (Xt ) with
g1 ∈ C 2 (Rd ) and g2 ∈ C 4 (Rd ), then (H) is automatically satisfied, due to Itô’s formula.
Motivated by the matrix perturbation at (2.6), our tests will be based on statistics
involving sums of (squared) determinants. The test function will be the nonnegative map
f on (Rd )d defined as
f (x1 , . . . , xd ) = det(mat(x1 , · · · , xd ))2 .

(2.9)

Now, we introduce a random perturbation of the original process X as motivated at the
end of Subsection 2.2. More specifically, we choose a non-random invertible d × d matrix
σ
e and generate a new process
Xt0 = σ
eWt0 ,
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where W 0 is a d-dimensional Brownian motion independent of all processes in (2.8)(without
loss of generality, for the mathematical treatment below we may assume that it is also
defined on the space (Ω, F, (Ft )t≥0 , P)). Following the ideas of section 2.2, we add to
X this new process X 0 , with a multiplicative factor going to 0. As a matter of fact we
introduce two such additions, and for κ = 1 or 2 we set
p
Ztn,κ = Xt + κ∆n Xt0 .
(2.10)
√
Hence, with the notation of section 2.2, we use h = ∆n , which leads later to the optimal
rate of convergence. We define the following two basic statistics:
f

n,1
n,1
n,1
n,1
Z(2id+1)∆
− Z2id∆
Z(2id+d)∆
− Z(2id+d−1)∆
n
n
n
n
√
√
,··· ,
∆n
∆n

f

n,1
n,1
n,1
n,1
Z(2id+2d)∆
− Z(2id+2d−2)∆
Z(2id+2)∆
− Z(2id)∆
n
n
n
n
√
√
,··· ,
2∆n
2∆n

[t/2d∆n ]−1

Stn,1 = 2d∆n

X
i=0
[t/2d∆n ]−1

Stn,2 = 2d∆n

X
i=0

!
(2.11)
!
.

Notice that the statistics Stn,1 and Stn,2 are essentially the same, except Stn,2 is computed
using the frequency 2∆n . The main result of our paper is the convergence in probability
log(STn,2 /STn,1 ) P
b
R(n, T ) := d −
−→ RT ,
log(2)
which enables us to estimate the unknown maximal rank. Furthermore, we prove the
associated central limit theorem to provide a consistent testing procedure.

