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Abstract

Following the earlier work on the estimation of densities for the classical Gaussian com-
pound decision problem and their associated (empirical) Bayes rules, the problem that has
been considered from several perspectives — introducing a nonparametric maximum like-
lihood estimator of the mixture density subject to a monotonicity constraint on the result-
ing Bayes rule, and the Kiefer-Wolfowitz nonparametric maximum likelihood estimator
for mixtures — we propose modifications that require a shape-constraint of log- or quasi-
concave type on the mixture density. These modification exhibit superior behavior in the
case when the shape assumption reasonably captures the behavior of the data, in particular,
when the mixing distribution is unimodal. Like the earlier approaches, our proposals are
also cast as convex optimization problems, and can be efficiently solved by modern convex
optimization methods. The finite-sample properties of the procedures are compared with
several existing empirical Bayes and other methods in a small simulation study.
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1 Normal means

In the standard setting of normal means — see, for instance, Efron (2010) — the objec-
tive is to estimate/predict an unobserved vector (µ1, . . . , µn), based on the observations
(Y1, . . . , Yn). The latter are modeled as

Yi|µi ∼ N (µi, σ2), (1)

with known σ2 (which thus may be assumed to be 1). If µi are viewed themselves sampled
from P, hereafter called mixing distribution (hereafter mixing)

µi ∼ P, (2)

then an alternative improving, in terms of the aggregated squared error loss, upon the maxi-
mum likelihood prediction µ̂i = Yi is given by the Bayes formula: the prediction that
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“borrows strength” from other observations is the expected value of the conditional distri-
bution of µi given Yi. This quantity can be conveniently expressed through the so-called
Tweedie formula (Efron, 2011) as

E(µi|Yi) = Yi + σ2`′(Yi), (3)

where `′ is the derivative of the logarithm of the marginal, mixture distribution of Yi,

`(y) = log
(∫

ϕ(y− µ)P(dµ)
)

, (4)

and ϕ is the conditional density of Yi given µi. In fact, this formula holds true for any
one-parameter exponential family; for the particular ϕ appearing in (1) it can be verified by
direct calculation.

An exponential family argument — or a direct calculation again — shows also that the
derivative of (3), in Yi, is equal to Var(µi|Yi)/σ2; this implies that the corresponding second
derivative is nonnegative and thus the prediction rule is nondecreasing in Yi (as noted by
van Houwelingen and Stijnen, 1983). This agreeable property remains true if P (typically
not known unless somehow elucidated from the circumstances) is replaced by an estimate;
however, monotonicity may not be preserved if the marginal density of Yi, or the subsequent
prediction rule, is estimated directly — say, by a kernel density estimate as in Brown and
Greenshtein (2009).

However, rather than a mere rectification of this potential deficit — the ways of mono-
tonizing existing prediction rules, often resulting in rules uniformly better than the original
ones, were investigated already by van Houwelingen (1977) and van Houwelingen and Sti-
jnen (1983) — a more appealing opportunity that opens here is that the specific form and
properties of the prediction rule may catalyze the use of the maximum likelihood method, or
similar strategy, to estimate the prediction rule. In other words, for the, in general ill-posed,
problem of estimating nonparametric density via maximum likelihood, the monotonicity
constraint or mixture representation can act as a regularizer — and of a kind that does not
call for any additional tuning.

Two instances of this general program were investigated by Koenker and Mizera (2013):
maximum likelihood estimation of the marginal density under the monotonicity constraint
on the prediction rule, and maximum likelihood estimation of the mixing distribution using
the mixture representation of the marginal density. Here we complement those by alterna-
tives that in addition place a shape constraint on the estimated mixture density.

2 Prediction rule with monotonicity constraint

The first approach studied by Koenker and Mizera (2013) estimates the mixture density via
maximum likelihood, under the shape constraint implied by the required monotonicity of
the prediction rule. Shape-constrained density estimates were considered, among others, by
Dümbgen and Rufibach (2009) or Koenker and Mizera (2010); however, the typical shape
constraint considered there, monotonicity or log-concavity of the estimated density f , is
replaced in the present context by the requirement that the subsequent prediction rule is
non-decreasing — that is, its antiderivative is convex:

−∑
i

g(Yi) +
∫

eg(y)dy # min
g

! subject to
1
2

y2 + g(y) convex. (5)

Note that expressing the task in terms of g = log f ensures the convexity of the problem.
The methodology developed in Koenker and Mizera (2007) and Koenker and Mizera (2010)
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can be applied also to this case, with the implications both in theory (dual formulation) and
practice (implementation).

3 Mixing density via nonparametric maximum likelihood
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Figure 1: Estimated mixture density (left) and corresponding Bayes rule (right) for the
monotone-constrained maximum likelihood (dashed blue) and the log-concave shape-
constrained variant (solid). The target, “oracle” mixture density and its Bayes rule are
plotted in dotted red.

It is well known that general, unrestricted estimation of a probability density via maxi-
mum likelihood is an ill-posed problem whose “solution” degenerates to a linear combina-
tion of point measures. However, the specific mixture form of the density appearing in (4)
ensures that the nonparametric maximum likelihood formulation of Kiefer and Wolfowitz
(1956),

−
n

∑
i=1

log
(∫

ϕ(Yi − µ)dP(µ)
)
# min

P
! (6)

has a well-defined outcome — even if the problem is infinitely dimensional and P runs over
all possible mixing distributions.

In practice, this solution is approximated by the solution of a closely-related finite-
dimensional problem, as proposed by Jiang and Zhang (2009) and others. Their suggestions
to use (variants of) the EM algorithm lead, however, to prohibitively slow implementations;
a way out here is offered by the fact that the problem is again convex, with a convex ob-
jective function minimized over a convex set of putative P. This leads not only to viable
practical algorithm, but also to theoretical insights, again via duality theory.

In simulation experiments of Koenker and Mizera (2013), the approach expounded in
this section has a slight, but visible edge over the one expounded in the previous one; both
pretty much dominate all other existing methods. The algorithm employing monotonicity
constraint on the prediction rule easier scales to larger datasets; on the other hand, nonpara-
metric maximum likelihood allows in a straightforward way for the inclusion of covariates.

4 Empirical Bayes estimation for unimodal distributions

Both methods typically yield mixture density estimates that are considerably wiggly — albeit
this does not seem to influence the performance of the resulting prediction rules. The latter
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when estimated via imposing the monotonicity constraint are piecewise constant; when esti-
mated by nonparametric maximum likelihood, the mixing distribution is atomic. In certain
situation, it is reasonable to believe that the mixing distribution is rather smooth; a ques-
tion arises whether this knowledge cannot be utilized to obtain less rough density estimates,
and subsequently better prediction rules. While it is always possible to limit the size of
the atoms of the mixing distribution by a suitable upper bound, this, and other possible
regularization strategies (for instance, those involving complexity penalties) would result in
introducing additional tuning parameters, a potentially undesired complication.

An appealing alternative is then to impose a suitable shape constraint, for instance log-
concavity, on the estimated mixing density. However, this in general leads to a non-convex
problem with an uncertain implementation. The way out is offered via the observation
that whenever the mixing distribution is log-concave, then so is the mixture distribution
(as noted by Efron, 2011, and others). It turns out that when shape-constraint is imposed
not on the mixing, but mixture distribution, the convexity of the optimization problem is
preserved — for both of the approaches mentioned above. This leads to efficient implemen-
tations and theoretical insights. Moreover, the log-concavity of the mixture distribution can
take place even in the case when the mixing distribution is not log-concave — therefore the
shape constraint covers a more general situation when applied to the mixing, rather than
mixture distribution.

The first formulation we propose here is a very slight modification of (5)

−∑
i

g(Yi) +
∫

eg(y)dy # min
g

! subject to
1
2

y2 + g(y) convex, and g concave. (7)

Expressed through derivatives, the constraint can be written, in somewhat simplified man-
ner, as 0 ≥ g′′(y) ≥ −1, very much resembling the dual constraints arising in density
estimation regularized with total-variation penalties. The implementation of (7) is an easy
and straightforward modification of that of (5), and does bring virtually no increase in com-
putational complexity or running time of the algorithm.
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Figure 2: Estimated mixture density (left) and corresponding Bayes rule (right) for the
Kiefer-Wolfowitz maximum likelihood (dashed blue) and its log-concave shape-constrained
variant (solid). The target, “oracle” mixture density and its Bayes rule are again plotted in
dotted red.

Imposing the shape constraint on the mixture density in (6) is a bit more tricky, and
can actually create a non-convex problem — unless a slack function g is introduced and the
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U[5, 15] t3 χ2
2 095|205 050|250 095|505 050|550

br 101.5 112.4 77.8 19.7 57.3 12.6 21.1
kw 92.6 114.4 71.9 17.4 51.3 10.0 17.0
brlc 85.6 98.1 67.6 17.3 51.7 21.6 58.2
kwlc 84.9 98.2 66.8 16.5 50.4 21.2 67.6
mle 100.2 100.1 100.2 100.7 100.4 100.1 99.6
js 89.8 98.5 80.2 18.5 52.1 56.2 86.8
oracle 81.9 97.5 63.9 12.6 44.9 4.9 11.5

Table 1: The empirical risk of several estimators/prediction schemes: the MLE of the
mixture density with the monotonicity constraint on the prediction rule (br); the Kiefer-
Wolfowitz nonparametric MLE of the mixing distribution (kw); their versions, (brlc) and
(kwlc) respectively, with mixture density constrained to be log-concave; the MLE (no
shrinkage) predictor (mle); the James-Stein estimator/predictor, assuming the normal mix-
ing distribution (js); and finally the "oracle" predictor, the Bayes rule employing the knowl-
edge of the mixing distribution.

constraint is expressed in an epigraph, inequality form:
n

∑
i=1

g(Yi) # min
g,P

! subject to g(y) ≥ − log
(∫

ϕ(y− µ)dP(µ)
)

and g convex. (8)

The introduction of g and the need to enforce the inequality over all y from some fine
grid (not only over the actually observed Yi), considerably increases the complexity of
this formulation; nevertheless, the convex character renders it still feasible, and due to the
dominance of the nonparametric maximum likelihood approach over that employing the
monotonicity of the prediction rule, it seems that the increased computational price may be
well worth the effort. Moreover, unlike (7), this approach allows also for the incorporation
of more general q-convex constraints considered in Koenker and Mizera (2010).

5 Experimental comparisons and conclusions

To compare the proposed estimators/prediction schemes in a couple of selected situations,
we performed a small simulation study using the following mixing distributions: the uni-
form distribution on [5, 15] (featured in the examples shown in the figures); the t distribution
with 3 degrees of freedom; the χ2 distribution with 2 degrees of freedom; and four instances
from the simulation study of Johnstone and Silverman (2004), employed also by Koenker
and Mizera (2013): a mixture consisting of two numbers, k of which (we used k = 5 and
k = 50) are equal to some fixed µ (we used µ = 2 and µ = 5) and the rest are zeros. For
each distribution, we performed 1000 repetitions. The results in Table 1 show the average
of the sums, computed for each repetition, of squared errors for all sampled µi. The sample
size was in all cases n = 100. In addition to the methods considered above, Table 1 shows
also the results of the “naïve” maximum likelihood predictor µ̂i = Yi; the predictor based
on the James-Stein estimator

Yi −
n− 3

∑i(Yi − Ȳ)2 (Yi − Ȳ), Ȳ =
1
n ∑ Yi;

and the “oracle” predictor, the optimal predictor assuming the knowledge of the mixing
distribution.
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The results indicate that the precision gain of the nonparametric maximum likelihood
estimate of the mixing distribution (6) over the prediction rule with monotonicity constraint
(5), as observed by Koenker and Mizera (2013), is still generally preserved for the proce-
dures that enforce log-concavity of the mixture distribution. However, the magnitude of
this effect occurs to be much smaller, hence the possible advantage of the nonparametric
maximum likelihood (8) may be counterbalanced by the lower computational complexity
of (7). Also, a different—reversed—behavior is observed for the heavy-tailed distribution,
t3, not only for the versions with enforced log-concavity, but also for the unrestricted ones—
which are, interestingly, in this case dominated by the “naïve” predictor µ̂i = Yi (which is
however, still dominated by the oracle predictor, in accord with the theory). Finally, we can
see that the versions with enforced mixture log-concavity still dominate the James-Stein
predictor, based on the assumption of the normality of the mixture distribution—in the case
of asymmetric mixing distribution χ2

2, the difference in efficiency seems to be substantial.
On the other hand, it comes as no surprise that the methods enforcing mixture log-

concavity yield better predictions only when the mixture distributions are truly unimodal
(or close to those). In distinguished bimodal situations, the behavior is reversed in favor of
the unconstrained methods, which are thus in such circumstances preferable.
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