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Abstract
The statistical significance has been intensively criticized in medical and social
sciences because of many issues that it has. Effect sizes have been proposed as an
alternative to statistical significance. Recently, strictly standardized mean difference
(SSMD) has been proposed for the comparison of two groups with applications in a
univariate-response setting. There is a need to extend this type of effect size from a
univariate-response setting to a multivariate-response setting. In this paper, based on
SSMD and Mahalanobis distance, I construct a novel parameter called dimensionadjusted squared Mahalanobis distance (DSMD). The concept of DSMD can be
applicable to both univariate- and multivariate-response settings. Moreover, the criterion
of DSMD to assess the differentiation between two groups can also be applicable to both
univariate- and multivariate-response settings. Thus, DSMD may have the potency of
being applicable to a variety of situations in medical and social sciences.
KEY WORDS: dimension-adjusted squared Mahalanobis distance, dimension-adjusted
Mahalanobis distance, strictly standardized mean difference, d+-probability, effect size.
1. Introduction
The widely used method for the comparison of two groups is statistical
significance or p-value of t-test. However, the use of statistical significance for the
comparison of two groups has been intensively criticized in medical and social sciences
[1], leading to various effect sizes as alternatives [2-4]. Recently, strictly standardized
mean difference (SSMD) has been proposed for the comparison of two groups [5-8]. The
SSMD-based criterion for assessing effect size has a probabilistic basis. In practice,
SSMD has been used for quality control and hit selection in high-throughput screening
experiments [8-12]. However, SSMD is applicable only to a univariate-response setting,
not to a multivariate-response setting yet.
Mahalanobis distance for the means between two groups with multivariate
responses can serve as a parameter for measuring the degree of differentiation [13].
However, there are flaws for the use of Mahalanobis distance, two of which are, (1) its
value increases as the number of dimensions increases even though the degree of
differentiation in each dimension is the same, and (2) it lacks a criterion for using
Mahalanobis distance to quantifying effect size. In this paper, based on the concept of
Mahalanobis distance, I extend SSMD from a univariate-response setting to a
multivariate-response setting and provide a criterion to quantify effect sizes which is
derived from the SSMD-based criterion.
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2. Parameters for quantifying group differentiation
2.1. In univariate settings
Suppose we are interested in the comparison of two groups with a single response. The
first group has a distribution F1 with mean µ1 and variance σ 12 and the second group
has a distribution F2 with mean µ 2 and variance σ 22 . The covariance between these two
groups is σ 12 . The magnitude of difference between two groups can be assessed by a
parameter SSMD. Let a random variable D denote the difference between two random
values from two groups respectively, i.e., D = P1 − P2 . SSMD (denoted as β ) is defined
µ
as the ratio of mean to standard deviation of the difference D, namely β = D where
σD
µ D and σ D are the mean and standard deviation of D respectively. Expressing SSMD as
a formula of means, variances and covariance in the two groups, we get β =

µ1 − µ 2
σ 12 +σ 22 − 2σ 12

.

SSMD has a direction of the mean difference. When we are only interested in
distance but not direction, we may use SSMD absolute value which equals Mahalanobis
distance between the two means in a univariate case, i.e., | β | =

( µ1 − µ 2 ) 2

σ D2

. With this

µ D2
, which equals the
σ D2
squared Mahalanobis distance between two means in the two groups. The Mahalanobis
( P1 − P2 ) 2
. Assume these two
distance between the two random variable P1 and P2 is
σ D2
µ − µ2
D
groups are normally distributed, then D ~ N ( µ1 − µ 2 , σ D2 ) and
~ N( 1
,1) . Thus
σD
σD
consideration, we may use the squared SSMD, namely β 2 =

D2

σ

2
D

~ χ 2 (1, β 2 ) where β 2 is a non-central parameter of the χ 2 -distribution.

2.2. In multivariate settings
Suppose we are interested in the comparison of two groups with multiple responses (i.e.,
two k-variate groups). Considering the two k-variate groups 𝐏1 (with sample size n1 ,
mean 𝛍1 , covariance matrix 𝚺1 ) and groups 𝐏2 (with sample size n2 , mean 𝛍2 , covariance
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𝚺12 is the covariance matrix between 𝐏1 and 𝐏2 . Let 𝚺 = 𝚺1 + 𝚺2 − 2𝚺12. Denote the
difference between the two groups as 𝐃 (namely, 𝐃 = 𝐏𝟏 − 𝐏𝟐 ), and its mean and
variance as 𝛍D and 𝚺D , respectively. Then 𝛍D = 𝛍1 − 𝛍2 and 𝚺D = 𝚺.
For the comparison of two groups with multiple responses, we may want to use a
single parameter to capture the separation between these two groups based on all
responses. One way to address it is that we may explore each response separately as in
the univariate case described in previous section and then pool the results of all individual
responses to a single statistical parameter. It is nontrivial to integrate different directions
in different responses. Thus, we may focus on non-direction parameters first.
For a single response (say the ith response), the Mahalanobis distance between two
means is a non-direction parameter ri =

( µ1i − µ 2i ) 2

σ Di2

. Then, if the k responses are

1 k ( µ1i − µ 2i ) 2
∑ σ 2 . The
k i =1
Di
adjustment efficient k is needed to adjust the increment of a parameter purely due to the
increment of the k value. The r can readily be extended to non-independent cases with the
1
λ where λ = 𝛍𝐃 ′ 𝚺 −𝟏 𝛍𝐃 which is the non-central parameter of a
same form as r =
k
squared Mahalanobis distance. The Mahalanobis distance between two values from
groups 𝐏1 and 𝐏2 respectively is �(𝐏𝟏 − 𝐏𝟐 )′ 𝚺 −𝟏 (𝐏𝟏 − 𝐏𝟐 ) . Correspondingly the
squared Mahalanobis distance is d2 (𝐏𝟏 , 𝐏𝟐 ) = (𝐏𝟏 − 𝐏𝟐 )′ 𝚺 −𝟏 (𝐏𝟏 − 𝐏𝟐 ). Assume the two
independent, we may pool the result of all k-responses by r =

groups

𝟏

are

normally

distributed,

then

𝟏

𝐃 = 𝐏𝟏 − 𝐏𝟐 ∼ Nk (𝛍𝐃 , 𝚺) and 𝚺 −𝟐 𝐃 ∼

Nk (𝚺 −𝟐 𝛍𝐃 , 𝐈𝐤 ). Thus, the squared Mahalanobis distance between the two groups has a
−

𝟏
𝟐

′

𝟏

non-central chi-square distribution, that is,
= �𝚺 𝐃� �𝚺 −𝟐 𝐃� ∼ 𝜒𝑘2 (𝜆) ,
where 𝜒𝑘2 (𝜆) is a non-central chi-squared distribution with degree of freedom k, noncentral parameter λ, mean 𝑘 + 𝜆 and variance 2(𝑘 + 2𝜆).
d2 (𝐏𝟏 , 𝐏𝟐 )

2.3. Properties and interpretation of distance parameters
In the above section, I extend SSMD from a univariate-response setting to a multiresponse setting, resulting in two new parameters, r and r2. For convenience, we may call
the new parameter r “dimension-adjusted Mahalanobis distance” (DMD) and its square r2
“dimension-adjusted squared Mahalanobis distance” (DSMD) between two group means.
That is, for DMD, we have

1
1
𝑟 = � 𝛍′𝐃 𝚺D −𝟏 𝛍𝐃 = � (𝛍𝟏 − 𝛍𝟐 )′ 𝚺 −𝟏 (𝛍𝟏 − 𝛍𝟐 ) .
k
k
For DSMD, we have
1
1
r 2 = 𝛍′𝐃 𝚺D −𝟏 𝛍𝐃 = (𝛍𝟏 − 𝛍𝟐 )′ 𝚺 −𝟏 (𝛍𝟏 − 𝛍𝟐 ).
k
k
It is obvious that, when k = 1 (i.e., the univariate-response case), DMD becomes the
absolute value of SSMD and DSMD become the squared value of SSMD. The properties
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and interpretation of the two distance parameters can be also extended from SSMD for
the univariate-response setting as follows.
SSMD has two clear and meaningful interpretations when it is used for the
comparison of two groups. The first interpretation is that it is the ratio of mean to
standard deviation of a random variable representing the difference between two groups,
and the second interpretation is that it reflects the probability that a random value from
the first group is larger than a random value from the second group, namely d+probability [8]. When the data are normally distributed in both groups, d+-probability =
Φ ( β ) , where Φ (⋅) is the cumulative density function of the standard normal distribution.
When the data are not normally distributed, there is still relationship between d+probability and β [8]. Because of clear and meaningful interpretations of SSMD, we can
construct meaningful and interpretable SSMD-based criteria for classifying the
magnitude of difference between two groups, namely | β | ≥ 1.645 for "huge",
1.645 > | β | ≥ 1 for "large", 1 > | β | > 0.25 for "medium", and | β | ≤ 0.25 for "small"
under normality assumption [8]. These SSMD-based criteria can be interpreted using
probability as described in [7]. Equivalently, we can have DSMD-based criteria for
classifying the degree of differentiation between two groups in a multivariate-response
setting, namely DSMD ≥ 2.706 for "huge", 2.706 > DSMD ≥ 1 for "large",
1 > DSMD > 0.0625 for "medium", and DSMD ≤ 0.0625 for "small".
3. Statistical inference of DSMD
When the two groups to be compared are independent, assume 𝐱 𝒊 , i = 1, … , n1 , 𝐲j , j =

�, 𝐒𝐱𝟐 , and 𝒚
�, 𝐒𝐲𝟐 denote
1, … , n 2 , are the samples from the two groups, respectively. Let 𝒙
sample mean and sample covariance matrix for the two samples from the two groups 𝐏1
2
denotes the sample covariance matrix between those samples. Let
and 𝐏2 , Sxy
N = n1 + n2 . The estimates of DSMD for independent and paired groups are given below,
assuming that the two groups are normally distributed.
Consider the situation where the two groups are paired. Assume that 𝐝𝓲 = 𝒙𝓲 −
𝐲𝓲 , i = 1, … , n is the sample from 𝐃 and that 𝑑̅ , S are sample mean vector and sample
1
covariance matrix of 𝐃, respectively. Then the estimate of r2 is rˆ 2 = 𝑑̅ ′𝑆 −1 𝑑̅ .
k
Consider the situation where the two groups are independent. When the
covariance matrices of two groups are unequal, by applying the maximum likelihood
estimates (MLE) of the mean and covariance matrix we can obtain the estimate of r2.
1
𝑛 −1
𝑛 −1
�−𝒚
�)′ ( 1 𝑺𝟐𝒙 + 2 𝑺𝟐𝒚 )−1 (𝒙
�−𝒚
�) . When the covariance matrices of
That is, rˆ 2 = (𝒙
𝑛
𝑛2
1
k
two independent groups are equal, we can pool the two groups to get the estimate of their
2
covariance matrices. Let Spool
be the pooled sample covariance matrix, then,
2(𝑛1 + 𝑛2 − 2) 𝟐
1
rˆ 2 = (𝒙
�−𝒚
� )′ (
�−𝒚
�)
𝑺𝐩𝐨𝐨𝐥 )−1 (𝒙
𝑛1 + 𝑛2
k
4. Conclusion
To address the need for quantifying effect size in a multivariate-response setting, here I
derive a univariate parameter DSMD from a recently developed parameter SSMD.
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Subsequently, I explore the estimation of DSMD. Moreover, I construct a DSMD-based
criterion for classifying the degree of differentiation between two groups, namely
DSMD ≥ 2.706 for "huge", 2.706 > DSMD ≥ 1 for "large", 1 > DSMD > 0.0625 for
"medium", and DSMD ≤ 0.0625 for "small" under normality assumption. DSMD and its
criterion can be applied to uniformly to both univariate- and multivariate-response
settings, thus having the potency of being applicable to a variety of situations in medical
and social sciences.
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